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. Abstract 

. This paper is devoted to a comprehensive study of the nonhnear Schrodinger equations with 

' combined nonHnearities of the power- type and Hartree-type in any dimension n > 3. With some 

structural conditions, a nearly whole picture of the interactions of these nonlinearities in the en- 
ergy space is given. The method is based on the Morawetz estimates and perturbation principles. 
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1 Introduction 

We are concerned with the Cauchy problem for the following Schrodinger equation 



^ ' f iut + Au = Xi\u\Pu + A2(|a;|"'^ * |np)n 



u(0, x) = uo{x) 



(1.1) 



where u{t,x) is a complex- value function in spacetime M x R"(n > 3), initial datum uq takes 
5^ ; value in i?^(M")(or = {u € : | • \u{-) G Ll{W)}), Ai and A2 are nonzero constants, 

< P — ;^r2' ^^'^ < 7 < 4 with n > 7. For such a problem, T. Cazenave has given a fundamental 
discussion in [6]. However, just a few cases he has settled, for example when both nonlinearities 
are defocusing, the equation must be energy-subcritical; when one nonlinearity is focusing, and 
the index of the nonlinearity lies between mass-critical and energy-critical, need mass and energy 
sufficiently small. In very recent years, there are many results on the global well-posedness for 
the following energy-critical (jl.2p and (jl.3p or mass-critical ()1.4p and (jl.5p nonlinear Schrodinger 
equation have been obtained by T. Tao, J. Colliander and Carlos E. Kenig and so on, respctively. 

iut + Au = X2{\x\~^ * \u\'^)u 
n(0, x) = no(x) 



*This work is supported by NSFC 10571158. 
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iut + Au = Xi\u\ "-2 u 
u{0, x) = uo{x) 



(1.3) 



iut + Au = X2{\x\ ^ * Itip)ti 
n(0, x) = uo{x) 



:i.4) 



iut + Au = Ai |n| " M 
u{0, x) = uo{x) 



[1.5) 



Therefore, in this paper, we want to give a whole picture of the interactions of these both nonhneari- 
ties. First of all, we hope to solve the same problem of (jl.ip when one nonlinearity is energy-critical. 
Then, we discuss the case Ai • A2 < that T. Cazenave didn't take care of but separately. Precisely, 
we hope that under some structural conditions, that is, under some relations of A and p, the de- 
focusing term is able to control the focusing term, so that the whole nonlinearities behaviour like 
the defocusing property, therefore there is a global wellposed behaviour to be appeared because the 
defocusing nonlinearity will amplify the dispersive effect of the linear equation, but the focusing 
one usually is to cancel the dispersive effect. 

Schrodinger equation has two conservation laws: energy conservation and mass conserva- 
tion, where energy and mass are defined as follow: 



Eiuit)) : 
M(n(t)) : 



P + 2 



\u 



P+2 



dx + 



A, 



|x| * |u| ) \u\ dx 



|uP dx 



As they are conserved, we'll prefer to write E{u) for E{u{t)) and M(u) for M{u{t)). 
Our first main theorem is as following: 

Theorem 1.1 (Global well-posedness) Let uq € H^. Then there exists a unique global solution u 
to (jl.ip in each of the following cases: 



1. when Ai, A2 > 0, < p < < 7 < 4 with 7 < n except for {p, 7) = (;^, 4). 

2. when Ai > 0, A2 < 0, 



2.1 < p < and < 7 < min{n, 



n-2 

2.2 < 7 < 2. 



2.3 



np 



< 7 = 2, and \\ uq |[^2< fx: 



2 

2.4 ^ < 7 = 4 (n > 4), ^ < 



(P,7) 



yn-2 ' 



4). 



IA2I II 

E{W) 
IA2I ' 



w\\h. 



4—7 



1^2^ IA2I 



VW 11^2 and uq is radial except for 



2.5 ^ < 7, 2 < 7 < min{4,n}, EM~ < (i 



2'yE{W) 
|A2|(7-2) 



2 

7-2 



and II Vno III2 < I -^j^ 



2 

7-2 
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where W is the solution of ground state: W + * |if W = ^^^W 

and E{W) := i / | VVF^ dx - {\x\~^ * \w\^) \W\^ dx. 

3. when Ai < 0, A2 > 0, 

3.1 < p < max{^, ^^^_^ }, and < 7 < 4 with 7 < n. 

3-2 p = |, p > ^^'^ II ^0 ||l2< lAlT^ II R ||l2. 

3-3 2+n-'y ^P= 7^ except for {p,-f) = (7^42 '4), in addition, 

ifn>5, require < |Ai| 2 E[R), \\ Vuq \\j^2< |Ai| 2 || VR \\j^2, 
if n = 3,4, uq is radial. 

3-4 Ti<P<Th' ^ P ■^^^^ 



4— (ra — 2)p 



< |Ail'*-"p 



Vu(] 



4— (n — 2)p 



< lAi 



2np 

up — ^ 



4-(n-2)p 



VR 



4:P 

I np — 4 

Il2 



2p 

np~4: 



where R is the solution of around state: AR+ \R\PR = — — — —R 



4-(n-2)p 

and E{R) := i / | Vi?p dx - ^ J \R\p+^ dx. 
4. Ai < 0, A2 < 0, < p < |, and < 7 < 2. 
Moreover, for all compact intervals I, the global solution satisfies the following spacetime hound: 

II n||5i(,xiR")<C(|/|, i?,M). (1.6) 



Remark 1.1 For the case 2.4, we need the initial datum to be radial. Because according to 120^ 
when the initial datum is radial, there maybe exists the global solution for (II. 2p . For the case 3.3, R. 
Killip and M. Visan have proven the global well-posedness for ()1.3p in when the initial datum 
isn't radial, but their approach is not suitable for the lower dimension, thus for lower dimension we 
preserve the radial condition. 



We'll prove this theorem in Section 4. Our chief work is to get a bound of || u which only 
depends on energy and mass, and then apply the perturbation principles to get the result. As 
mentioned above, we hope the defocusing term can control the focusing term, however, this can't 
be true usually, but we can prove that under the assumption of 2.1 and 3.1 in Theorem 1.1, it 
do happen. For other cases, our approach can't show the defocusing term is able to control the 
focusing term. So just as what T. Cazenave did, still need some circumstances of the smallness 
about energy and mass. But the different point from that is the smallness which is characterized 
by the ground state. Unfortunately, our method isn't useful for the case that both of the power 
and Hartree nonlinearities are energy-critical. Because after using Strichartz estimate, we need the 
dependence in time for the coefficients of nonlinearities, but no such factor for such both cases are 
energy-critical. The detail is in Section 4. 
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In Section 5, we consider the asymptotic behavior of these global solutions. It is natural to 
apply a unconditional scattering theory for (jl.4p and (jl.Sp . However, at least till now, we have 
to demand the initial datum radial and the size of mass is smaller than the one of ground state 
Therefore, we need the following assumptions: 



Assumption 1.1 Let vq G H^, Ai > 0. Then there exists a unique global solution v to (jl.Sp and 
satisfies 

II V II 2(n+2) < C{\\ VO \\l2) (1.7) 

(KxR") 

Assumption 1.2 Let wq G H^, A2 > 0. Then there exists a unique global solution w to (jl.4p and 

moreover 

II II 6^ <C{\\wo \\l2) (1.8) 

Our second main theorem is: 
Theorem 1.2 (Energy space scattering) 

Let uq G H^, the conditions in Theorem 1.1 are assumed, and u be the unique solution to (jl.ip . 
In addition, if p = ^, then we need Assumption 1.1. 7/7 = 2, then we also need Assumption 1.2. 
Then in the following case, there exist u^,U-. G such that 

II n - e**'^n± IIj^i^ as t ^ ±00. (1.9) 

case 1: Ai, A2 > 0, ^ < p < 2 < 7 < 4 with 7 < n except the point (p, 7) = (;^,4), 

especially, when (p, 7) = (^,2), we still need the small mass condition; 



case 2: \i ■ X2 < 0, < p < 2 < 7 < 4 with 7 < n and the small mass condition except the 

point (p, 7) = (71^,4). 

Furthermore, 

II n+ 11^2 = 11 n_ 11^2 = 11 no 11^2 and ^-f |Vn+p = /" | Vu- p = ^(-uq) 

We'll prove the theorem in Section 5. The main tools are a refined Morawetz estimate and the 
perturbation principles. Unfortunately, to use such a refined Morawetz estimate, we have to require 
that Ai > 0, A2 > 0, p > , 7 > 2. So when Ai • A2 < need a kind of smallness, here we demand 
of mass sufficiently small. The refined Morawetz estimate was firstly used by T. Tao to prove the 
dispersive property of the cubic Schrodinger equation [3], but the space dimension must be no less 
than 3. Then, J. Colliander, M. Grillakis and N. Tzirakis get a refined Morawetz estimate for 1-D 
and 2-D, and obtain the scattering of 2-D power type Schrodinger equation. However, for this case 
7 < n = 2, in order to apply Morawetz estimate, we need 7 > 2. Thus we can't have scattering 
for Hartree, as well for (II. ip . For p = ^ and 7 = 2, i.e. both nonlinearities are mass-critical, the 
low frequency of the solution can own an effective control, but there is no such a good luck for the 
high one. Thus at this time, we view (jl.ip as the perturbation of free Schrodinger equation. 

At the last section, we describe the blow up phenomena when the initial datum belongs to S 
space. We believe the method also suitable for the initial datum belongs to energy space with radial 
condition. The detail can be consulted in Chapter 6 of [6j. 

Our last main theorem is: 
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Theorem 1.3 (blowup) 

Let uo G S. Then blowup occurs in each of the following cases: 

(1) for Ai > 0, A2 < 0; when 2 < 7 < 4, < p < ^ ,7 > ^, andE <Q; 

(2) for Ai < 0, A2 > 0; when ^<P< < 7 < ^, and E < 0; 

(3) for Ai < 0, A2 < 

• when ^<P< < 7 < 2, and AnpE + C(M) < 0. 

• when < j9 < ^, 2 < 7 < 4, and 8jE + C(M) < 0. 

• when ^<P< 1^, 2 < 7 < 4, andE <0. 



Remark 1.2 The conclusions in Theorem 1.1 and Theorem, 1.3 aren't contrary, since the energy 
in Theorem 1.1 are nonnegative. One can find that for the case Ai < 0, A2 > 0, we drop a 
situation: ^ <7<2 + n — |, it was caused by that we could not judge the relationship between 

J {\x\~"^ * l-updx and \\ u ||^p+2- Since the inequality 



u 



holds true where q = ^^^^3^, r = '^^'^'^ ■ If we can get J (|a;|~'''* \u\'^) \u\'^ dx ~|| u for 
the situation s > p + 2, one can apply the method in Subsection 4-2 for case (2), to get the global 
well-posedness and scattering; for the other s < p + 2, one can apply the method in Section 6, to 
say under some condition, it would blow up in finite time. 



2 Notation 

In this section, we will introduce a few notations and fundamental inequalities which always 
appear in the following sections. 

Definition 2.1 ; We say a pair {q,r) is Schrddinger-admissible if ^ + ^ = cin-d 2 < q,r < 00. 
// / X M" is a spacetime slab, we define: 

ll'"ll50(7xR") ■= SUp||u||i9^r(Jx]R")) 

where the sup is taken over all admissible pairs {q,r), 

ll^ll5i(-fxM") ll^'"ll50(/xR")- 
Denote 7V°(7 x R") the dual space o/S'°(/ x W), and 

N\I X M") := {u:Vue iV°(I x M")}. 



5 



We also define the following norms: 

\W\\u(i) •~ ,61,, 

•= 2(n+2) 

II'"I|VK(/) •= ll""!! 2(n + 2) 

L,"I=^(/XR") 

lklU(7) := \W\\ 2(n + l) 

By definition and Sobolev embedding, we obtain 
Lemma 2.1 For any function u on I x M", we have 

L'^L% ~l~ ll^'^^ll 2(n + 2) 2n(n + 2) + | | Vli | | y + ||Vu[| ^ _22^ + | | Vu | | f/ 

+ \\u 



n-'2 J n2+4 LfL^ 



2^+\\u\\w + \\u\\ 2(n + 2) 2^1(^1 + 2) < Ikll.cjl, (2.1) 

where all spacetime norms are on I x 



Lemma 2.2 (Strichartz estimates)Let I be a compact time interval, k = 0,1, and u : I x M" — > 
C 6e an 5^ solution to the forced Schrddinger equation 

iut + Aii = F 

for a given function F. Then we have 

ll'"'ll5'=(/xM") ^ lh(*o)|lHfc(iRn) + l|-^llArfc(7xR") (^•^) 

/or any iime to £ 

For the details of proof, we refer to |14l [6], In addition, we need some Littlewood-Paley theory. 
Let ^{Cj be a smooth bump function which is supported in the ball < 2 and equal to 1 in the 
ball 1^1 < 1. For each dyadic number E 2^, we can define the Littlewood-Paley operators: 

Then by these notations, we recall a few standard Bernstein type inequalities: 
Lemma 2.3 For any 1 < p < q < 00, s > 0, we have 

\\p>Nf\y^ < N-^\\v[^p>Mf\y^, 

m'P<Nf\\L'i < N^\\P<Nf\\Lg, 

n n 

\\P<Nf\\L% < Np~^\\P<Nf\\LP, 

n n 

WPNfhl < ^\\PNf\\L^. 
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Definition 2.2 Let I x M" he an arbitrary spacetime slab, we define the space 

(LjLlilxR^), 0<p<^„ 

X (I) = < 2(n + 2) 2n(n+2) 

and 



:= {n : G X%I)}, X\l) := X^{I) n XHl), 

LfLl{I X M"), < 7 < 2, 

LfLl{I X M") n L^L^(/ X M"), 2<7<4and7<n ' 



6n 



y^: = : G y°(/)}, yi(/) :=y°(/)nyH^), 

^0(7): = X°(/)ny°(/), ^1 := : Vn e ^°(/)}, B\I) := B°{I) n B\I). 

Furthermore, we also need the fohowing maximal estimate which is a direct con-sequence of the 
sharp Hardy inequality [TT] . 

Lemma 2.4 Lei < 7 < n, we have 

II kr^H^P l|L-<C(n,7)||n||^.. (2.3) 

Lemma 2.5 Lei I be a compact time interval, < p < ^5^2,0 < 7 < 4 and 7 < n, Ai and A2 be 
nonzero real numbers, and k = 0, 1. Then 

II Ailul^'n + A2(|x|"^ * \u\'^)u |liv*(/xR") 

< 171^-^ II u ll^.^^^ll u ||^,(,) +|Lr II u u ||^,(,) (2.4) 
II (Ailiil^n + A2(|2;r^ * \u\'^)u) - (Ai|?;|^?; + A2(|a:|"'^ * |t^|^)t^) llArO(/xR") 

< ILI^-"^ (11 u 11^,^^^ + II V 11^,^^^) II n - t; ||^o(,) +1/1" (ll « ll^i(,) + II v ll|i(,)) II ^ " ^ llyo(7), 

(2.5) 

f 1 < 7 < 2 

where a = < „ ^ ^ ^ , , 

[2-^ 2<7<4 and 7 < n. 

Proof. : Using Holder, Sobolev embedding, Hardy-Littlewood-Sobolev inequality and Lemma 2.4, 
we can obtain the results. □ 
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Lemma 2.6 Let /c = 0, 1, < p < 7^ and 2 < 7 < min{4, n}. Then there exists > large 
enough such that on each slab I x M", we have 

n + l 

II I \P II <ll II II |t2{2e+l)|[ II ||"2(9) f'O 

II Pi llArfe{/xR")~ll lls''=(/xM") II \\z{I) H ^ ^ " 

n+l 

II ('U|-7 ^ U,|2\„. II . <||,;|t-, II 7/ 1 1 '''"+''11 7; 11'^' I ?; II '^'^^^ (2 7) 

II |^|X| * I"! J" llArfc(7xR")~ll " llS'=(/xR")ll " llz(/) II " IILj^^LI H " H ' V^" v 



r 00 r n- 



where 



2' 2(20 + 1)' 2V n(20 + l)y' 

40—1 40-1-77 

/3i(0) = (3-7) + ———, /32(0) = (7-l) 



2(20 -Fl)' "^^^ ^ ^' ' 2(20 + 1)' 
Proof. For the former, one can find in [23]. The same method can be used for the latter, we have 

II (|X|-^ * 1^1')^^ IU.(/XR") ^ II |V|'=[(|X|-^*|^|'H II 



n + l 



< II IWl'^-,, II II II ■2(26+1) II ||/3l 6») II ||/32 e /r, ON 

^ V U 2n(29+l) 11 U \ U \\^^^2\\ U \\ 2n[^-0) 

r2+y . n(2e + l)-4e r ao r 

which is obtained by using Holder and Hardy-Littlewood-Sobolev inequality, once /3i(0) and (32{Q) 
are positive. 

Note that (2 + i, ^^^"e+il-L ) is Schrodinger-admissible. When 2 < 7 < 4, /3i(0) and /?2(0) wih be 
positive if 9 is large enough, because the above functions are increased in 0, and when 00, 

/3i(0) ^4-7 > 0, /32(0) ^ 7 - 2 > 0. 

□ 



Lemma 2.7 Lei / x M" 6e a spacetime slab. Then there exists a small constant < p < 1 such 
that 



where p 



g(n+ 1) 
2(2 + e) 



II l'"l" ll7Vn(/x*M") ^ 
|x| * \u\'^)u llArO(/xR") ~ 



< 



< 



and e is a small constant. 



up II II "-2 

^ llz(/)ll ^ ll5i(/x*IR") 



(2.9) 



\x\ ^ * \u\^)u 



I 2n 



2n U 



T 2+E T n-2-e 



e(l+e) n E(2+e+n) 

\P II 1, It 2(2+-=) II II 2(2+6:) 

IZ(/)II " llL?°Li II " II ^ 

^ ' t X J 00 T n-2 



I'' II 7; 11^"'' 
1^(7) II llsi(/xR")' 



(2.10) 
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2n 

Proof. The first result is proved in [21]. For the other, note that L'^'^^ Lx~^~^ interpolates between 

2n(2+e) 2n(2+e) 

the S''^-norm L^^^L^'^^^'"* and the S'-'^-norm L^'^^L^'^"''^'"^^''''^'''' provided e is sufficiently small, we 
have 



u 



U ||si(/xR") 



Let a(e) = 2(2+£) ' ^(^) = 2 — 2(2+e) ' need to check a(e) and 6(e) are positive, since 

then the estimates is a simple consequence of Holder inequality and Hardy-Littlewood-Sobolev 
inequality. As a function of e, a is increasing and a(0) = 0, while b is decreasing and 5(0) = 2. 
Thus, taking e > sufficient small, we have a{e) > 0, b{e) > 0. Taking p = '^2(2+1) ' obtain the 
result. □ 

Remark 2.1 An easy consequence of the proof of Lemma 2.7 is that one can get the estimates for 
nonlinearities of the form \u\"-^v and {\x\~^ * \u\ )v. More precisely, we have 

4 ^ p 

II Nl""'^ IUo(7xK") ~ II llz(/)ll ll5i(/xM-)ll ^ ll5i(/xR"), (2-11) 

II {\x\-^ * \u\^)v ||^0(/xRn) ^ II U 11^(^)11 U |||7fjxK")ll ^ llsi(/xR"), (2.12) 

a(e) II IIP II \\b{^) 



{\x\ *{wv))v\\j;joaxR") - II ll5i(/xR")ll ^« llLc^L2|h ll^mll r ^ • (2.13) 



T oc T ri- 



Lemma 2.8 Let I x be an arbitrary spacetime slab, ^ < p < 2 < 7 < 4 mi/i 7 < n, and 
k = 0,1. Then 

2 IiE_2 ^ 

II llArfe(7xR") ~ II llv(/) ^ II ^ lliy{/) II 1^1 llv(/)' 

II n I— T I |2\ II ^ II i|4— 7 II 117—2 II ivTiA; 11 

II (|X| T * |U| )U |l^fe(^^jg„) < ||U|| '||n||' 6n II |V| U ||t7(7) . 



Proof. Note that 



II 1^1^"" IliV'^f/xR") - II |Vl''(|n|*'u) II 2(n+2) 
x\"^ * \u\'^)u \\,(rkrT^mn\ < || IVl'' (dx^''' * |n|^)n) || j2n 



Af'=(7xR") 



LlL^ (7xR") 

Then using Holder inequality and interpolation, one can get the results. □ 

3 Local Theory 

Let's show the local theory for the initial value problem ()l.ip . As the results are classical, we 
prefer to omit the proofs and refer to [HI [6l [71 |T2l [13] . 

Proposition 3.1 (Local well-posedness for (jl.ip with H^-subcritical nonlinearities) 
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Let uq G H}.,Xi and A2 be nonzero real constants, with < p < ^732,0 < 7 < mm{n, 4}. 
Then, there exists T = T(\\ u such that (jl.ip with above parameters admits a unique strong 

H^-solution u on [—T,T]. Let {—T^j^j^,Tmax) be the maximal time interval on which the solution 
u is well-defined. For every compact time interval I C {—T^j^,Tmax), we have u € S'^^I x M") 
and the following properties hold: 

• If Tmax < CO (respectively, if T^j^j^^ < 00), then 

II Wh^^ qo as t ] Tmax {respectively, as t I -T^^^. 

• The solution depends continuously on the initial value: 

There exists T = T{\\ u \\hi) such that if u^q"^ uq in and if u^"^^ is the solution to 

(II. ip with initial condition then is defined on [— T, T] for m sufficiently large and 

n(™) in S^{[-T,T] x M"). 

Proposition 3.2 (Local well-posedness for (11.11) with a H^-critical nonlinearity) 
Let uq € H^,Xi and X2 be nonzero real constants. 

• when p = and < 7 < min {n, 4}, for every T > 0, there exists rj = r}{T) such that if 

II g-^^^uq Ilxi([-T,r])— ^' 

then (jl.ip with the parameters given above admits a unique strong H]^-solution u defined 
[-T,T]; 

• when < p < ^r^, 7 = 4 and n > 5, for every T > 0, there exists rj = r](T) such that if 

II ^ ''^0 llyi([-T,T])— 

then (jl.ip with the parameters given above admits a unique strong H]^-solution u defined on 
[-T,T]; 

• Let (—T^j^^, Tmax) be the maximal time interval on which the solution u is well-defined. Then 
u G S^{I X M") for each compact time interval L C {—Tj^^^,Tmax) o^f^d the following blow up 
alternative hold: 

If Tmax < CO (respectively, ifT^j^j^ < 00), then 

either \\ u{t) \\hI^ °o or \\ u{t) ||si((o,t)xR")^ co as t} Tmax (respectively, as t [ —T^j^^). 

Next, we will establish the stability results for the ff^-critical and the L^.-critical NLS with 
Hartree type. 

Lemma 3.1 (Short-time perturbation) 

Let I be a compact interval, and let u be a function on I x which is a near-solution to (jl.2p 
in the sense that 

{idt + A)u = X{\x\''^ * + e 
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for some function e. Suppose that we have the energy bound 

for some E > 0. 

Let to S /, and let u{to) be close to u{to) in the sense that 

\\u{to)-u{to)\\fji<E', (3.2) 
for some E' > 0. Assume also that we have the smallness conditions 

II Vn ||[/(/) < eo, (3.3) 
||e*(*-*o)^V(n(to)-iI(to)) ||c/(/) < e, (3.4) 
II ^ \\m(ixR") - ^' (^•^) 

for some < e < eo, where eo is a small constant eo = eo{E, E') > 0. 

We conclude that there exists a solution u to p.2|) on I x M" with the special initial datum n(to) 
at tQ, and furthermore, 

II ll5i(/xK")~^' + e' (3-6) 

ll^ll5M/xM")^^' + ^' (3-7) 
II — II 6n < e, (3.8) 

L6l|^(/xR") 

II {idt + A){u-u) |lAri(/xM")^ (3.9) 
Proof. Without loss of generality, we assume to = ™f I- Define z = u — u, then u = z + u 

S{t) :=|| {idt + A)z \\Ni(^[to,t]xR^) ■ 
By using Holder, Hardy-Littlewood-Sobelov inequality, we have 

II (Ixp^ * (a6)) c 11^, < II V[(|xr^*(a6))c] II ^ ^ 

< II Vab(,)|| V6||t;(,)|| Vc||^(,), (3.10) 

and from (|3.3p . (j3.5p and (|3.10p . we have 

S{t) < II [\x\^'^ * (Izp + ZU + zH)] {z + u) Wjyi + II (|x|~'^ * l'"P)-2 IIati + II e ||^i 

2 

< e + ^ll Vz|p^(,)|lVn|l^ 

j=0 
2 

< e+E^o''ii^^ii'^(/)- 

3=0 

On the other hand, one has 

II b(,)<|| e«*-*°)^)Vz(to) +5(t) < S{t) + e, (3.11) 
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and 

Sit)<e + Y,4'\Sit)+ey 

3=0 

By a standard continunity method, one can show that S{t) < e, then from (j3.1ip and Sobolev 
embedding, we get 

II li — n II 6n < e 



' r 6 r an — » 

II u " 



< II u{tQ) 11^1 + II Vn ||3 + II e ||^^< E + el+e<E 



I51 rO II "V-O; llii/i ^ II V u, ||[7(/) ^ II c 11^1 

lk-^1151 ^ II ^i(io)-it(io) lliji <^' + e. 

At last, we have 

II u ||ci<|| u-M ||ai + II {i \\i.^<E + E'. 



□ 



Remark 3.1 // || ^i(to) ~ ^(^o) llf/i^ ^O; then, thanks to the Strichartz estimate, we have 

X 

II e^(*-*°)^V(^x(to) - n(to)) Ilc7(/)<|| n(to) - n(to) ||jfi< eo- 
Therefore, if E' is small, then (j3.4p obviously holds true. 

Lemma 3.2 (H^- critical stability result for Hartree type) 

Let I be a compact interval, to £ I, u be a function on I x M" which is a near-solution to (|1.2p 
in the sense that 

{idt + A)u = Ad^l""^ * I^^P)^ + e for some function e, 
and u{to) be close to u{to) in the sense that 

\\u{to) -u{to) \\rri< E' for some E'>0. (3.12) 
Suppose that we have the energy bound 

II \\L^m{ixR")— ^ /''^ some E > 0, (3.13) 
and we also have the following conditions 

II Vtt 11(7(7) < M for some M > 0, (3.14) 

II e^(*-*«)^V(n(to) - n(to)) ||c/(/) < e, (3.15) 

II ll7Vi{7xK") - ^ (3.16) 

for some < e < eo, where cq is a small constant eo = ^oiE, E' , M) > 0. 

Then, there exists a solution u to (jl.2p on I x with the special initial datum u{tQ) at to, 
satisfying 

ll^-^ll5i(/xRn) ^ C{M,E)iE' + e), (3.17) 

II ^ ll5i(/xM") ^ C{M,E',E), (3.18) 

\\n-u\\ 6n < C{M,E,E')e. (3.19) 
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each Ij we have 



Proof. Without loss of generahty, we assume to = inf /. Spht / into J intervals Ij, such that on 

II Vti ||;7(/^.)< eo, thenJ~(l + — I . 

Fix Iq = [tQ,ti], thanks to the short-time perturbation, one can get 



U-U ||5'l(/„xR") ~ E' + €, 



^ llsi(/oxR") ~ E' + E, 

on 

{idt + A){u-u) ||jvi(j„xR") ^ 



n — ii II 6n ^ £i 



Furthermore, we have 

II U{h) - U{ti) ||^i<|| U-U ||5i(joxM")~ ^' + « 

and 

II e^(*-*^)^V(n(ti) - \\uii,) < \\ e^(*-*»)^V(u(to) - Hto)) hn,) 

+ II {idt + A){u - u) Wn^IoxR") ^ e- 

Choosing e small enough, from the short-time perturbation, we have the results also hold on Ii, 
continuing the inductive argument, we get the above results at last. □ 

Remark 3.2 In our lemmas, the condition (13.15P is weeker than the condition of what stated in 
fryjj . where they require that 



^||P;vVe«*-*°)^)(n(to)-n(to)) ||^(,) 



N 



+ V||P7vVe«*-*°)^)Kto)-n(to))f ] <e 

In fact, for Hartree type the nonlinearity and derivatives of the nonlinearity are Lipschitz continuity. 

The same method can be used to prove the perturbation theory of the L^-critical NLS with 
Hartree type. Note that, by Holder, Hardy-Littlewood-Sobolev inequality, we have 



(|x|-2 * (ab)) c 11^0 < II {\x\~^ * (ab)) c 



2 r 



< l|ab(/)IIHIl/(/)l|c||[7(/), (3.20) 
(j3.20p instead of (j3.10|) . by using a similar argument as above, we can get the following result: 
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Lemma 3.3 (L\-critical stability result for Hartree type) 

Let I he a compact interval, to £ I, u be a function on I x M" which is a near-solution to (|1.4p 
in the sense that 

{idt + A)il = A(|xp^ * l^iP)^ + e for some function e, 
and n(to) be close to 'u(to) the sense that 

II u{to) - u{to) ||l2(R")< M' for some M' > 0. (3.21) 
Suppose that we have the mass bound 

II ^ IIlj°°l2(/xM")^ M fof some M> (3.22) 
and the following conditions hold true 

II u \\u{i) ^ L /o'" some L > (3.23) 
||e*(*-*o)^(n(to)-ti(to))||c/(/) < e (3.24) 

II ^ ll7VO(7xR") - ^ (3.25) 

for some < e < ei, where ei is a small constant, ei = ei(M, M',L) > 0. 

Then, there exists a solution u to ()1.4p on / x M" with the special initial datum u{to) at tQ, and 



u — u 



S"(/xR") 



< C{L,M,M'){M' + e), (3.26) 



IMIs"(/xR") ^ C{L,M,M'), (3.27) 
\\u-u\\u(i) < C{L,M,M')e. (3.28) 

The corresponding stability results for the if^-critical and the L^-critical NLS with power type 
have been established by |24l I25j . However, when the dimension n is greater than 6, the case is 
more delicate as derivatives of the nonlinearity are merely Holder continuous of order rather 
than Lipshchitz. One can find the details in j24t I25|. we state their result below: 

Lemma 3.4 (H^-critical stability result for power type) Let I be a compact interval, to G L, H be a 
function on L x M" which is a near-solution to (|1.3|) in the sense that 

4 

{idt + = A|n|"-2{^ -|- e fg-p some function e, 
and u{to) be close to u(to) i'n the sense that 

\\u{to) -u{to) \\hi< E'q for some Eq>0. (3.29) 
Suppose that we have the energy bound 

II ^ Wh^miixK")- ^0 for some Eq > (3.30) 
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and the following conditions to be true 

II u \\w{i)^ ^0 for some Mq > (3.31) 



5]||P^Ve«*-*°)^)(n(to)-n(to))||%(„+,) M^+^j <e (3.32) 

N L^T^^ L^"''+'^ {7xK")/ 

II \\n^{IxM.")- ^ (3.33) 
for some < e < £2, where €2 = e2{EQ, E'q, Mq) is a small constant 

Then, there exists a solution u to (11.30 on I x M" with the special initial datum u{to) at to, and 



u — u 



u 



S'i(/xIR») 



< CiEo,E'o,Mo)iE'Q + e + eT^), (3.34) 

< C{Mo,E'q,Eo), (3.35) 



u-u\\ 2(„+2) 2n(.+2) < C(Mo,So,^o)(e + e(^). (3.36) 



Remark 3.3 From 124J by Strichartz and Plancherel, on the slab I xW^ we have 



II P^Ve«*-*°)^)(n(to) - u{to)) f 



< J] II PivV(n(to)-n(to)) 111-^2 



N 



V(n(to) - ii(to)) 



so the hypothesis ()3.32p is redundant if Eq is small. 

Lemma 3.5 (L'^-critical stability result for power type) 

Let I be a compact interval, to £ I, u be a function on I x M*^ which is a near-solution to (jl.5p 
in the sense that 

{idt + A)n = Al^l + e for some function e, 
and u{to) be close to u(to) in the sense that 

II li(to) — ""(^o) ||l2(R")< Mq for some Mq > 0. (3.37) 

Suppose that we have the mass bound 

II ^ llLj«Li(/xR")< Mq for some Mq > 0, (3.38) 
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and the following conditions to be true 

II u \\v{i) ^ for some Lq > 0, (3.39) 

||e^(*-*«)^(u(to)-n(to)) ||y(/) < e, (3.40) 

II ^ ll7V0(/xR") - ^ (3-41) 

for some < e < €3, where is a small constant = e3(Mo, Mq, Lq) > 0. 

Then, there exists a solution u to (jl.Sp on I x M" wii/i the special initial datum n(to) cLt tQ, and 
furthermore, 

II ll50(7xM") ^ C(Lo,Mo,M^)M^, (3.42) 

II « ll50(/xR") ^ C{Lo,Mo,M^), (3.43) 
ll^-^l|y(/) < C(Lo,Afo,M^)e. (3.44) 

To conclude this section, we state the results involving persistence of or regularity for 
critical NLS with Hartree type or power type: 

Lemma 3.6 (Persistence of regularity): Let k = 0,1, and I be a compact interval, to ^ I . 
easel: u is a solution to (jl.2p on I x M" obeying the bounds 

II U II 6u < M. 

L6L^"-S(7xR") 

Then, if u{to) G if^, we have 

II n ||5,(j^K")^ C{M) II n(to) ||^. 
case 2: u is a solution to ()1.4p on I x R" obeying the bounds 

II ||(7(7)< 

T/ien, if u{t()) G if^, we /laue 

II ll5'=(/xR")— C'(-^^) II u{tQ) 
case 3: u is a solution to (|1.3p on I x obeying the bounds 

II ^ \\wii)< M. 

Then, if u{tQ) G H^, we have 

II ||sfc(^xR")^ II «(*0) bfc • 

case 4^ Let u be a solution to (II. 5p on I x obeying the bounds 

II ||v(/)< 

Then, if u{tQ) G i?^, w;e /lawe 

II llsfe(7xR")- ^(-^) II ""(^o) llijfc • 
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Proof. The method to prove these four cases is shnilar, we only consider the first case, and the 
others are omitted. 

Subdivide the interval / into ~ (1 + subintervals Ij = [tj,tj-^-i] such that 

II U II 6n < T] 

where rj is a small positive constant to be chosen later. By using Strichartz estimates, on each Ij 
we obtain 



ll5'=(i',x]R") ^ II llii*; + II ^ lls''=(/,xR")ll ^ II vjI^^tj 



^ II u{tj) Wjjk +rf' II U ||5fc(/^.xR") 

Choosing r] sufficiently small, we get 

II ^ ll5'=(/jXM")^ll ""(^i) Hi/*: • 

Next, we consider the relationship between || u{tj) \\jjk and || uito) \\jjk- For Iq, we have 

II u{ti) ||^fe<|| u ||5fe(jj,xM")^ II u(to) ll^fe • 

For /i, we have 

II n(t2) ||^fe<|| u ||cjfe(^^xjj")^ <^ II llii^^ '^^ II ""(^o) Whi 
by using iteration arguments, for each Ij we can obtain: 

II u{tj) \\^k< a II u{tQ) ll^fe 
Adding these estimates over all the subinterval Ij, we can get the results. □ 

4 Global well-posedness 

The aim of this section is to prove the Theorem 11.11 For the convenience, we shall abbreviate 
the energy E{u) to E, and the mass M(u) to M. In order to prove the global well-posedness of 
(jl.ip . we should state that the blowup couldn't hold. For (jl.ip with ij^— subcritical nonlinearities, 
we should prove that || u{t) is bounded for all time where the solution is defined. We notice 
the conservation of mass, so we focus on the bounds of || u{t) For (11. ip with a i?^— critical 

nonlinearity, we view the energy-subcritical nonlinearity as a perturbation to the energy-critical 
NLS, which is globally well-posed. For any compact interval I, u is the strong solution to (II. ip 
which is defined on / x M". uq G H^. is the initial datum. 
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4.1 Bound State 

Let R{x) and W{x) be the positive radial Schwartz solution of the ground state to the elliptic 
equations respectively: 

AR+\R\^R = ' - - ^^P r, 

np 

AW + (\x\~^ * Iwl"^) W = ^^W. 

7 

From the work of [H [T6l [6] and [8], we have the following characterization of R and W: 

np 4-(n-2)p 

II u Wlil, < Cr II Vn II u 11^2 ' , ^u,veHl (4.1) 
\\{\x\-^*\v\^)\v\^\\l^ < CwW'VvWlAvWl-^^ (4.2) 
where Cr and Cpv is the best constant for their respective inequality, moreover 

= II vfl 117?= II ji ig, 

np ^ np ^ 

4 ,, „ 9 4 „ ,, n 

If we define 

^(^): = \j\VR?dx-^j\Rr^dx, 
E{W): = ^ J \VW\'^dx-^J {\x\-"' *\w\'^)\W\'^dx, 

.(l-A)/|v.p..(i-A)(^)*, 

. (^_i)/|V.p..^. 

Define -Ei := ^ / | Vnp — |^ / |n[^+^ dx, where Ai is the constant in (jl.ip . 
Lemma 4.1 Assume that 

4-(n-2)p 4 4p 

II Vn 11^2 (II lli^) < |Ai|— II Vi? Il^r', 

4-(n-2)p 

4-(n-2)p 4 / 2r7r) \ np-4 / _ \ ^ , 

^1 • (II lli^) "''-^ < (1 - So)\Xi\—^ [^^f^J (^(^)) ' '"^^'■^ > °- 

Then, when ^ < p < ^^4^; i/iere exists a 6 = 6{6o,n) > snc/i that 

4-(n-2)p _ 4 4p 

II Vn ll^^ (II ||2,)^i^^ < (i-J)|Ai|5^ II Vi^ll^r', 
and El > 0. 



then, we have 
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Proof. By (|iTT|) . we get 



|Ai 



Let 



^1 > / lVu|" - ^^^Cr II Vn 11/2 II u 11^2 



4— (n-2)p 
2 



and a = f | Vnp dx. Note that 

4 

/ (x) = <4> X = |Ai|4-"p II u 



2[4-(n-2)p] 4p 
np-4 II 



and, 



/'(x) > for X < xq, 



/(0) = 0,/(xo) = (^-— )|Ai|^ 

2 np \np — 4 



2np 



lL2 



4— (n — 2)p 

np — 4 



np — 4 

i2 := xo, 



u 



4-(n-2)p 

np — 4 



2p 

np — 4 



using the fact that a G [0, xq), and the condition Ei < (1 — (5o)/(xo), we can get that there exists 
5 = 5{5o,n) such that 

a < (1 - 5)xo and Ei > f{a) > 0. 



□ 



Let's define E2 := ^ J \Vv\'^ dx — j * j'ul^) \v\^ dx, where A2 is the constant in (|l.ip . 

The same result can be gotten for W{x): 

Lemma 4.2 Assume that 



VW 11^2 \ 7-2 



IA2 



^2-(||HIl2) 



4 — 7 

2 ^ 7-2 



< (l-'^o)d--) 
2 7 



27^(W") 



2 

7-2 



JA2|(7-2)_ 

where 5q > 0. T/ien, when 2 < 7 < 4, t/iere exists a (5 = 6{6o,n) > suc/i i/iai 



4—7 



and 



I Vt; ||i2 (||Hli2)-^ <(i-^) 
E2 > 0. 



lL2 



IA2 



7-2 



4.2 Kinetic energy control 

We'll get a prior control on the kinetic energy, which is bounded for all time for which the 
solution is defined. More precisely, the bound is only concerned with energy and mass, i.e. 

\\u{t) \\^,<C{E,M). (4.3) 



19 



We observe the energy 

E{u) = ^J I Vn|2 dx + J \u\P+^ dx+^ J {\x\-^ * |n|2) \u\^ dx 

is conserved. Hence, 

for the case (fTl), we obviously obtain 11 uit) ||f>i< E. 

For the case ([2]), from Parseval identity, Hardy-Littlewood-Sobolev inequality and interpolation, 
we have 



2 |i2 

I1l2 



< \\ut^<\\u W^, ^-^\\u II . (4.4) 

L2"-7 L n 

Based on the fact: for any positive constants a, 5, and pi < p2, the following inequality 

< c{5)a^ + 5aP^+^ (4.5) 

holds true, we can get 

II u II 2n+27 < C{5) II u III2 +5 II n ll^p+2 
if ^ <p + 2, i.e. 7< f . Then 

E{u) >^J |Vu|2 + y |u|P+2 dx - C7 II n H^i^""^^ 6 J \u\p+^ dx - C{M). 

Let 5 is small enough, we have 

II u{t) \\jj,< C{E,M). 



L2II U 11^2 • 



If 7 > by using Ai > and ()4.2I) . we can obtain 

E>Ei>^J I Vup dx - -^CvK II Vu 
For the case 7 < 2, from Young's inequality, one has 

[ I Vn|2 dx - ^-^6Cw II Vn 11^2 -^CTyC((5) || u 
Z J 4 4 

Let 6 be small enough, we obtain 

\\n{t) \\^,<CiE,M). 

X 

When 7 = 2, we have 



2(4-7) 
I 2-7 
!l2 



If 



(^-^c'^IMIi2] II vn||i2 



Cw\^2\ IA2I ''"^ 
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holds true, we can obtain 



u{t) \\hi< C{E,M). 



For the case 2 < 7 < 4, by using Lemma 14.21 and the conservation of energy and mass, we only 
need to show when 

4—7 



we can get 



Vtxo Wh (II uo Wl,)-^-^ < 



vn Hi. (IMIiO'- < 



VW Ilia \ 



IA2 



Il2 



IA2 



7-2 



We prove it by the continuity argument. Define 



n 



t e I,\\ Vn 



4 — 7 



Il2 [W u IIL2 



0"-' < 



E \\ u 



4—7 



1 1. 



lL2 



)— <(l_5o)(---) 
' 2 7 



II viy iiiA 


2 

7-2 


IA2I ) 


; 




2 N 

7-2 


JA2|(7-2)_ 


> 



It suffices to show is both open and closed. Note that to £ ^) the open of $7 is obvious because 
of n G Cf{I, H^). Therefore, we only need to prove $7 is closed. For any t„ G fi, T a I, such that 



tn T, we have 



vu(t„) iii2 M7-2 < ' 



4—7 



IA2I 



2 7 



27^(1^) 
|A2|(7-2) 



2 

7-2 



By using Lemma 14.21 '^^ can get 



4—7 



Vu(t„) II22 M~ <{l-d) 



vw Ilia ^ 



IA2 



Since u G Ci{IjH^)^ the conservation of energy and mass, we get 



4—7 



Vn(r) 1122 < (1-6) 



IliaX -'-^ 



IA2 



i?(n(r))M^ < (l-5o)(^--) 

2 7 



27^(M^) 
|A2|(7-2) 



2 

7-2 



This implies that T e S7 and || ii(t) ||^i< C{E,M). 
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Remark 4.1 When 7 = -J-, we have 



'u;e aZso can obtain \\ u{t) C{E,M). 



The condition n > 'j = ^ implies p <2. If requiring > C^-^M 2 , i.e. M < \ (p4-2)c|A2 



To prove the case O we need the following lemma before getting the prior control on the kinetic 
energy: 

Lemma 4.3 

iiivi-— /iiL4<iiivr— i/ni|, . (4.6) 

Remark 4.2 T. Tao proved the inequality for j = 3 in 124J- We can use the same method to get 



Proof. It suffices to prove (|4.6|) for a positive Schwartz function /. In fact, we only need to prove 
the pointwise inequality 



5(|V|-^/)(x) < (|V|-^|/r)(x) \ (4.7) 



where Sf := (Eiv l^^/l')^ • 
Obviously, dUT]) implies (jMI). 



II ivj-— / ||i4<|| si\v\-—f) h,<\\ i\v\-—\f\')-2 ||^4<|| |vr— i/r C 

Subsequently, we'll focus our attention to the estimate for each of the dyadic pieces 



PN{M'^f)ix)= J e^--«/(C)|Cr^m(^)dC, 

where m(.^) := ^p{(,) — 9^(2^) in the notation introduced in Section 2. 
As 1^1 4^m(-^) ~ i~^m{j^), we have 

PnHVI'"^ f)ix) ~ N'^f * m{Nx) = J f{x - y)m{Ny) dy. 

Since m is a Schwartz function, we have 

|P^(|Vr^/)(x)| < A^ / f{x-y)dy + N'-^ [ f(x-y)-^dy, 

\y\<N-^ J\y\>N-^ l^^Vr 
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where (5 is chosen later. 

A simple application of Cauchy-Schwartz yields 



S{\V\-^f){x) 



< 



< 



\Y.\PN{\vr--^f){xt^ 

J^n'-^N-- I \f{x-y)\Uy 

^ J\v\<N-i 



x-y) 



\Ny\P 



2ii+2 / f \f{x - y)? 



N 



where a is decided later. 
Note that 



i2/i>jv-i 



^~X{\y\<N-^}{y) 

N 



dy 



|,|>iv-i Wyl-^P 



dy 



N 



a 



< 



< 



|y|<Ar-l 

\y\ ^ 



n+2 
2 



d2/ X{M>iV-i}(y) < E iV^iV-^^iV-("+"-^^) 
/ |y|>Ar-i 



< 



|y| 2 ^ 



where choosing a and (5 to satisfy that n + a — 2/? < 0, ^ a < 0, 

we obtain 



5(|V|-^/)(x) < 



i 



, , n+7 dy + , , "+7 

|2/|<iV-l ^|!/|>iV-l — 



■ f\nx-y_r 

.J l?yl~2~ 



\y\- 



dy 



(|V|-— 



and we complete the proof. 



Using interpolation and Young's inequality, we get 



2(n-7) 



u 



\%<\\ Vn ll^r-^ll \V\-^u \\ir-'<e\\ Vu \\l +C{e) || |V|-^u \\U 
where q = ■ Then, 



M-^u\\i,>c{e) \\u\\l-c{e) \\ Vu . 
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On the other hand, In view of 



^ II iVr^lul^ ||i.>|| iVr^n ||i.> c{e) || u \\% -c{e) || V. \\l 



from (|4.6|) . and 



u 



C'.<C{5) \\u\\l, +S \\n\\% 



from ()4.5p . We have 

i?>^|lV^x|2dx + c(e)||n||i, -c(e)|jV7x||i. ^^2""^"^' p + 2 
Choosing e and 5 = d{e) be smaU enough, we obtain 



'^ll^llL-M^^(^) iMli- 



u 



(t) \\hi<C{E,M). 



If P ^ 2+n-i ' iiotice A2 > and (j4.ip . using the identical method which is appUed for case (2), 
under the conditions of case ([SD we have 

II u{t) 11^1 < C{E,M). 

X 

For the case by using (|4.ip . (j4.2p and Young's inequahty, we have 

P ^ 1 /"iW I2W 1^1 1 II ll^^^lIVy ll"? 1^2^ II ||4-7||V7 117 

- 2j p + 2 ^ ^ 4 ^ ^ 

> |Vn[2da; - II Vu |||2 -^Ciy^^ || Vn -C7(M). 

Chosen to be sufficiently small, we obtain 

II u{t) 11^1 < C{E,M). 



4.3 Global well-posedness 

In this subsection, we'll complete the proof of Theorem 11.11 As mentioned above, when both 
nonlinearities are i^T^-subcritical, according to the Proposition 13.11 the prior control on the kinetic 
and the conservation of mass, we can conclude the unique strong solution u to (jl.ip is a global 
solution. More precisely, in this situation, we can find T = r(|| uq \\h^) such that (jl.ip admits a 
unique strong solution u € S^{[—T,T] x M") and 

II llsi{[-T,T]xR")< C{E,M). 

If we subdivide the interval / into subintervals of length T, deriving the corresponding S"^— bounds 
on each of these subintervals, and at last summing these dominate together, then we can get the 
bound (fOI) . 

When one of the nonlinearities is -ff^-critical, we view the other nonlinearity as a perturbation 
to the energy-critical NLS, which is globally wellposed, [HI [23l El [261 [l^- Here we only 
discuss the case: p = < 7 < min{n,4}, the same method can be used for the other case: 
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< p < ^732' 7 = 4 with n > 5. Through the proof, we can find by Strichartz estimates and Holder 
inequality, we need the coefficient of subcritical nonlinearity including T = T{E, M), which will be 
required small in order to apply the standard continuity argument. So our approach don't fit the 
case that both nonlinearities are if^-critical. 

Let V be the unique strong global solution to the energy-critical equation (jl.3p with initial 
datum vq = uq at time t = 0. By the main result in [El [23l [U EHJ [17] , we know that such a v exists 
and 



\\v\\siijt^w,^)<C{\\uQ\\fj,). (4.8) 
Furthermore, by Lemma 13.61 we also have 

II ll50(IRxR")^ C'dl ^0 IIhi) II Uq \\l2< C{E,M). 

By time reversal symmetry, it suffices to solves the problem forward in time. By (14. Sh . split M"*" 
into J = J{E,ri) subintervals Ij = [tj,tj+i] such that 

II V Iliji(7^,)~ V (4.9) 

for some small rj to be chosen later. 

We may assume that there exits J' < J such that for any < j < J' — 1, [0, T] n /j 7^ 0. 

J'-i 

Thus, we can write [0, T] = [j ([0, T] nlj). 

j=0 

According to the Strichartz estimate, Sobolev embedding and (|4.9p . we have the free evolution 
e*(*~*j)^f (tj) is small on Ij 

II e*(*-*^)^^;(t,-) ||^i(,^,) < II V |l^i(,^.) + II V (^\v\^^v) W ^2j^ ^ 

< II - Wbhi,) +C II . 11^- ^.^ 

n + 2 

< II - IUh/.) +^ II - Wb^I) 

n+2 

< r] + Cr]"-2. 

Thus, taking r] sufficiently small, for any < j < J' — 1, we obtain 

II e^'^'-'^'>\{t,) ||^,(,^,)< 2v 
On the interval Iq, recalling that u{0) = v{0) = uq, we estimate 



n + 2 



^ ll«^*^^o|lxiao)+^l^or ||n||3.,(,^,)+C||n||^-^^, 

n+2 

n||yi(,„) < ||e^*'^^zo||^i(,„)+C|/onMlyi(,„)+C^IMIl;;,„), 



then 



u \\bi{Io) ^ II ^0 +Cr° II u 11^1^^^^ +C II n ||]^-^'^^^ 



n + 2 



< 2, + CT"||n|||,(,^)+C||n||^4^, 
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where a = min {1, 2 — ^}. 

Assuming r] and T are sufficiently small, a standard continuity argument then yields 

II u ||bi(/o)< 

In order to use Lemma |3.4| we notice that ()3.3ip holds on / := Iq for Mq := 4Cry, (|3.30p holds for 
Eq := C{E,M). Also, (|3.29|) holds with E'q = 0. We only prove that the error, which in this case 
is the second nonlinearity, is sufficiently small. 
In fact 

II \7f> II ■ < T" II 1/ l|3 < T° II 7/ l|3 < T'^r)3 

II ll7VO(7oxIR")~ ^ II ^ llyi(^o)^ II llBiao)~ ^ ' 

We see that by choosing T sufficiently small, we get 

II llArO(/oxIR")< ^' 

where e = e(-E, M) is a small constant to be chosen later. Thus, taking e sufficiently small, the 
hypothesis of Lemma 13.41 are satisfied, which implies that 

ll^-Hl5i{7oxR")<^(^'^)e'^ (4-10) 

for a small positive constant c which depends only on the dimension n. 
Strichartz estimates and (j4.10p imply 

\\<h)-v{h)\\^, < C{E,M)e'', (4.11) 

||e^(*"*^)^(n(ti)-^;(ti))||^,(,^) < C{E,M)e^. (4.12) 

By using (j4.1ip . (j4.12p and Strichartz estimates, we can get 

n + 2 

II - IIbi(/o < II e^(*-*^)^n(tO ||^,(,^) +CT- \\ u \\%,^^^^ +C \\ u ||^- 

3^(*-*^)^^;(ti) ||^,(,^) + II e^(*-*^)^ (nit,)-v{h)) ||^.(,^) 



< 



n + 2 

+Cr" II n f.^,. . +C II n ""-^ 



3 



ri + 2 

< 2r] + C{E, M)e^ + CT^ \\ u \\%,. , +C \\ u " 



A standard continuity method then yields 

II u \\bi(Io)< 4?? 

provided e is chosen sufficiently small depending on E and M, which amounts to taking T sufficiently 
small depending on E and M. We apply Lemma 13.41 again on / := Ii to obtain 

ll^-HUi(/ixM")<c(ii^>^K- 

By induction argument, for every < j < J' — 1, we obtain 

ll^^bi(/,)<4r? (4.13) 
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provided e (and hence T) is sufficiently small depend on E and M. Adding (j4.13p over all < j < 
J' — 1 and recalling that J' < J = J{E,M), we obtain 

IMlBi([o,T])<4A<C(i?,M). (4.14) 

Using Strichartz estimates, ([TI]) . (jilil) and T = T{E,M), we get 

II « ll5i([0,T]xR")^ll «0 II « ll|i([o,T]) + II ^ ll^i([0,T])^ C(i^,M). (4.15) 

Similarly, 



4 

-■a II „, ll^i II „, II I II „. II n-2 



II ll50{[0,T]xIR") ^ II ^0 ||l2 +T°' II U ||^i([o,T])ll llrO{[0,T]) II " Hfii ([o,T]) ^ IIXO([0,T]) 

< M2 +C(£',M) II n ||^i([o^2.])|| U II50([o,t]) + II ^ lli^i([o,T]) H ll50{[0,T]) • 
Split [0, T] into = N{E, M, 6) subintervals Jk such that 

ll^bi(j,)~^ 

for some small constant 5 > to be chosen later. Thus we get 

II ^ \\sO{.hxR")<M^ +C{E,M)6^ II U ||50(j^xKn) +5^ II U ||cjO(j^xK") . 
Choosing 5 sufficiently small, a standard continuity method then implies 

II « ll50{JfeXR")^ C{E,M). 
Adding these bounds over all subintervals Jk, we get 

ll^ll50{[0,T]xR")<C(^'^^)- (4-16) 

Combine (|4.15p and (|4.16p . we get 

II ll5i{[0,T]xR")< C{E,M). 

This completes the proof of Theorem 11.11 

5 Scattering results 

5.1 The interaction Morawetz inequality 

Proposition 5.1 (Morawetz control) Let I be a compact interval, Ai and A2 are positive real 
numbers, and u a solution to (jl.ip on the slab I x M". Then 

II llz(/)^ll llLt°°Hi(/xR") • (5-1) 

We will derive Proposition 5.1 from the following: 
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Proposition 5.2 (General interaction Morawetz inequality) 



-(n-1) 



/ / / A{-^)\u{y)\^\u{x)\^dxdydt 
JiJr"Jm." \x-y\ 



i2 x-y 

iiJR"jR'^ \x — y\ 



+2 11 I \u{t,y)\'j—^^{N,u}p{t,x)dxdydt (5.2) 

< 4 II U l|i^L2(/xM")ll WL^mixR") 



+4 / / / \{N,u}^{t,y)u{t,x)Vu{t,x)\dxdydt, 

where N := Xi\u\Pu + A2(|x|-'^ * |wp)n, {f,g}p := Re{fVg - gVf), {f,g}m = Im{fg}. 

The proof can be found in [24]. 

Note that, in particular N := \i\u\^u + X2i\x\^^ * I'^P)^^; we have 

{N,uU = 0, {N,u}p = --^Vdnr^) - A2fie{V(|x|-^ * |np)|^x|2} . 

Next we'll show (15. 2p is positive, then we obtain 

~/ / / ^(-r-—i)\^(y)\^H^)\^dxdydt<\\u\\lo.Hi(ixR")- (5-3) 

In dimension n = 3, we have — A(|i|) = Aird, so (|5.3p yields 

II l|4 <|[ |[4 

II ^ I1l4^(/xM3)--II ^ llLt°°Hi{/xR3)> 



In dimension n > 4, we have — A(A) = so (j5.3p yields 



which proves the Proposition 15.11 

_ A /' JL^ — „ 

_ 1 2 1 1 ^ 1 1 1 1 2 

II I'^l ^ Pl IIl2^(/xR")^II ^ llLf=/fi(7xR") • (5-4) 

From Lemma 14.31 and the above inequality, we have 

Tl — 3 ^ I I I I 

II |V[ 4 u ||l4^(/xR")^II u ||l^hi(/xR") • (5-5) 
Proposition ()5.ip follows by interpolation between (j5.5p and the bound on the kinetic energy 

II ||l-l2^ 

which is an immediate consequence of the conservation of energy when both nonlinearities are 
defocusing. Note that 

/ / / \Ht^y)\^-r — ^{N,u}p{t,x)dxdydt 
JiJr^Jr^ \x-y\ 

= - ff f |n(t,y)p ,^~^, ^'P v{\nr')dxdydt 
JiJR^jRr, |x-y|p + 2 

-\2Re f [ [ \u{t,y)\^ ^ {Vi\x\-^ *\u\'^)\uf} dxdydt 
JiJr^Jr" \x — y\ 

= a) + (u)- 
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For (/), we have 

\x-y\p + 2 P + ^JiJ^n \x-y\ 

Note that Ai > 0, we get (/) is positive. 

For (II), we define h{x) = dy, then we have 

(U) = -X2Re I I h{x){V{\x\-^ *\u\^)\u\^} dxdt 



X2jRe [ I [ r~rT| -\u{t,z)\^\u{t,x)\^h{x)dxdzdt 

-X2'yRe if [ -—jT\u{t,z)\'^\u{t,x)\'^[{x — z){h{x) — h{z))]dxdzdt. 

2 Ji jRn Jr" \x - 



Notice that 



(x-z){h{x)-h{z)) = {x-z) \uit,y)n^^-^^] dy (5.6) 

7r" \\x-y\ \z-y\J 

and denote a := x — y, b := z — y, then, we have (5.6) = J^„ \u{t,y)\'^{a — ^)(|f| — y^y) dy- 

Since (a — ^)(|^ — j^) = (lo||&| — + — ^ and A2 > 0, thus (11) is positive, so we show 

(j5.2p is positive. 



Remark 5.1 When n = 2, we don't know whether — A(|^) is positive or not. However, J. Col- 
liander, M. Grillakis and N. Tzirakis use a refined tensor product approach to prove that ()5.4p 
also holds when n = 2(fR [77^). Then the corresponding (|5.1|) and (|2.6|) also exist, we can use the 
same approach which used in Section 5.3 to show the scattering of the power type. However, the 
corresponding (12.70 don't hold. Since we need 7 > 2, but in this case 7 < n = 2. So the scattering 
of the Hartree type can't be gotten. 

5.2 Global bounds in the case: p = 2 < 7 < min{n,4} and Ai,A2 > or 
^<^^<;^' 7 = 2and Ai,A2>0 

The approaches for both cases are the same, we settle the first case and the same method can 
be used for the other one. Without loss of generality, let Ai = A2 = 1. 

We view the second nonlinearity as a perturbation to (jl.5p . By using Proposition (j5.ip . and 
the conservation of energy and mass, we get 

II ^ llz(R)^ll ^ llLf=i?i(RxR")< C{E,M). 

Split M into J = J{E, M, e) subintervals Ij, < j < J — 1, such that 

II u ||z(/j)~ e, 

where e is a small positive constant to be chosen later. 
On the slab / x M", we define: 



X0(/) := (/ X M") n V{I), 



2n(29+l) 
J n(2e + l)-4e 
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where 9 is introduced in Lemma 12.61 Then on each Ij {0 < j < J — 1), by ()2.8p we have 

n + l 

II n |-7 I |2^ II < II II II II 2(29+1) II ||/3i(6»)+/32(6l) 

IKFI * PN"" llArO(/ xR") II II 2+1 II ^ llz(/,) II llL°°/fi(/,xR") 

< C(S,MK||n||~„^^^^, (5.7) 

where c= 2p^- 

In what follow, we fix an interval Ij^ = [a, b] and prove that u obeys good Strichartz estimates 
on the slab Ij^ x M". Let u be a solution to 

A I 1^ 

IVt + i\v = \v\ , 



v{a) = u[a). 

As this initial value problem is globally well-posedness in H]., and by Assumption 1.1 and Lemma 
13.61 the unique solution v satisfies 

II ^ ll50(RxK")^ C{M). 

Subdivide M into K = K(M, rj) subinterval Jk such that on each Jk 

II ■y II ~„ ^~ ^ (5.8) 

for a small constant > to be chosen later. 

We are only interested in the subintervals Jk = which have a nonempty intersection 

with /jQ. Without loss of generality, assume that [a, b] = U^Jq^ J^, to = O) ^k' = b. 
On each J^,, by Strichartz estimates and (j5.4p . we get 

II e^(*-*^)^.(t.) ||^„^^^^<|| . +c II |.|^. IUo(,,xM.)< v + c\\v \\l%< n + 

Choosing ry sufficiently small, we get 

II e^^'-'^^\{tu) \\~,^j^< 2rj. (5.9) 

Next, we will use Lemma 13.51 to obtain an estimate on the 5^— norm of u on /,„ x R". On the 



interval Jq, recalling that u{to) = v{tQ), by Strichartz estimates, (|5.7p and (j5.9p . 

II « 11^.,,,., < II e-"-'.)%(*„) 11^.,^,,, +C II u li;^,* +C(i.,AOe' II „ 11,.,^^, 
< 2, + C|l„4tt„,+<'(£,MK||u||.„,^^,. 



By a standard continuity argument yields 



u II < 4r7 
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provided rj and e are chosen sufficiently small. In order to use Lemma 13.51 we notice that (j3.39p 
holds on I := Jq for Lq := 4r], (j3.37p holds with Mq = 0. We only show that the error is sufficiently 
small. In fact, from 

II e IUo(^„xR")< C{E,M)e^ \\ u ||^„^^^^< C{E,M)^e^, 
and choosing e to be sufficiently small, we obtain 

— 

II ~ ^ llsO(JoxK")- 

From Strichartz estimates, we have 

II u{ti) - v{ti) \\l2 < 
||e^(*-*^)^(n(ti)-^(ti))||^o(^^) < (5.10) 

On the other hand, 

II lls-iCJoxK") ^ II ^("^) llifi + II 11^(70)11 ^ llsiCJoxK") + II (1^1 ^ * l'"l lljVi(/xR") 
< CiE) + (4r?)l II u Wsi^j^^^n) +C{E,M)e'^ \\ u . 

Choosing r] and e sufficiently small, we have 

II ^ lls'H./oxK")- ^(-^)- 
On the intervals Ji, by Strichartz estimates, (j5.7p . (j5.10p . we get 

+C||^x||l+" +C(^,MK II n II 

Choosing 77 and e sufficiently small, we obtain 

II n II ~„, < Ari. 
II iixo{Ji)- ' 

This implies that the error satisfies the condition of Lemma [3.5l on Ji. Choosing e sufficiently small, 
and applying Lemma 13.51 to derive 

— 

II " ~ ^ lls'0(JixM")- 



The same arguments as before also yields 



u 



By the induction argument, for each < A; < fc' — 1, we get 

c 

II ^ ~ llsoCJfeXR") - ^^'"^^ ' 

II " ll5i(jfcx]R") - 
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Adding these estimates over all the intervals Jk which have a nonempty intersection with /jg, we 
obtain 

fc'-i 

uWaniT < II V llgOfJ, xR") + \\u-V \\sO(J^xW^')- C{E,M) 



l50(/,^xR") 



A:=0 

k'-l 



k=Q 

As the intervals Ij^ was arbitrarily chosen, we obtain 

J-i 

II ^ lls-oCRxR") - X] II ^ llsO(/jXR")- C{E,M) 
j=0 

J-1 

< E IMl5H/.xR")<^(^'^)> 
j=0 



^ lls'i(RxR") - ^ -^-^^j 



and hence 

II ll5i{KxR")< C{E,M). 

5.3 Global bounds in the case: ^ < p < 2 < 7 < min{?T,,4} and Ai, A2 > 

The results were shown in [6j with a more complicated argument. We use a simpler proof which is 
used in [23] that relies on the interaction Morawetz estimate. 



By Proposition 15.11 we have 

II IU(K);$II u IIl^j/i(mxr")< c{e,m) 

Devide M into J = J{E,M,ri) subintervals Ij = such that 



u 



where 77 > be a small constant to be chosen later. 

By Strichartz estimates and Lemma 12.61 on each Ij, we have 

II U ||S1(/,XR") ^ II U{tj) +7?2{2e+l) II u |lic«^l(/^.xRn)|| U ||51(7^.xR") 

, „ "+^., II ||/3i(6»)+/32(6>) II II 
+r/2(2«+i) II u |l2ii^i(7;xR")ll ^ llsi(/,xR") 

n + l 

< C{E,M)+r]^(^o+^)C{E,M) \\ u ||5i(/,xR") 

n + l 

+^2(2.+i)C(S,M) II U ||51(/,XR") • 

Choosing rj sufficiently small, we have 

II u ll5iajXM")< C{E,M). 
Summing these bounds over all intervals Ij, we obtain 

J-i 

II U ||s'i(MxR")< X] II llsH^jXR")^ C{E,M). 
j=0 
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5.4 Global bounds in the case: - < p < 7 = 4 with n > 5 and Ai, A2 > or 

n ^ 71—2' ' — J-) ^ 

p = 2 < 7 < mill {n, 4} and Ai, A2 > 

The approaches for both cases are the same, we show the first case and the same method can 
be used for the other. On the slab / x R", we define: 

:= « L^*''-^''-"' (I X M") n L^Llr-^ {I x M"), 

where 6 is introduced in Lemma |2. 61 Just replace X^{I) by Y^{I) that appears in Subsection 5.2, 
Lemma [312] replace Lemma [33} apply the same approach that used in Subsection 5.2, one can get 

II ll5i(MxIR")< C{E,M). 

5.5 Global bounds in the case: p = 7 = 2 and Ai, A2 > or p = ^, 7 = 4 with 

n > 5 and Ai, A2 > 

The approaches for both cases are the same, we settle the first case and the same method can 
be used for the other one. Without loss of generality, let Ai = A2 = 1. The main idea is that we 
divide u into uio and Uhi by frequency, and compare the low frequency with the L^-critical NLS, 
at one time, compare the high frequency with the -ff^-critical NLS. At last, we get the finite global 
Strichartz bounds in this case. 

We will need a series of small parameters. More precisely, we will define 

< ??3 < ??2 < ??i < 1, 

where any rjj is allowed to depend on the energy and the mass as well as on any of the larger r]'s. 
By Proposition 15.11 and conservation of energy and mass, we have 

II u \\z(R)< C{E,M). 

Split M into K = K{E,M,r]^) subintervals such that on each slab x M" we have 

II llz(jfc)~ (5.11) 
Fix Jfc(, = [a, h], for every t e Jko- We split u{t) = uio{t)+Uhi{t) where uio{t) := P^^-iu{t), Uhi{t) := 

On the slab J^,, x M", we compare uio{t) to the following L^-critical Hartree iVLS 

J {idt + A)t) = (|x|^^ * \v\'^)v 
\ v{a) = uioia), 

which is globally well-posedness in H]^. Moreover, by Assumption 1.2, one has 

\\v\\uiR)<Ci\\ uUa)) ||l2<C(M). 

By Lemma 13.6^ we have 

IIHl50(RxR") < C{M), (5.12) 
IIHI^MMxR") < CiE,M). (5.13) 
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Divide Jk^ = [a, h] into J = J(M, r/i) subintervals Ij = [tj-i-, tj\ with to = a,tj = b, such that 

\\v\\u{i,)^Vi- (5-14) 
By induction, we will establish that for each j = 1, • • • , J, we have 



uio - V ||5.0([t(,_t^.])< ril 



Uhi ll5i(/;)< L{E), for everyl <l <j, (5.15) 

u \\si([to,t,])< C{r]i,V2), 

where (5 > is a small constant to be chosen later, and L{E) is a large quantity to be chosen later 
which depends only on E{ not on any r]j). As the method of checking that (j5.15p holds for j = 1 
is similar to that of the induction step, i.e. showing that P{j) implies P{j + 1), we will only prove 
the latter. 

Assume that (I5.15P is true for some 1 < j < J. Then, we will show 

Uhi ■^(-^)' ^^"^ everyl <l<j + l, . (5.16) 

u \\sH[to,t,+^])< C{m,V2) 
Let r^i be the set of all times T E Ij+i such that 

II - ^ ll50{[to,T]) ^ Vt^^, (5.17) 
II '^hi \\smtj,T]) ^ ^(-^)' (5-18) 
\\u\\si([to,T]) < C{r]i,ri2). (5.19) 

In order to prove = Ij+i, we notice that Qi is nonempty (as tj G Oi) and closed (by Fatou). 
Let be the set of all times T E /j+i such that 

II ^'o-^ ll50([io,T]) ^ 2r/^"^^ (5-20) 
II '"/li \\smtj,T]) ^ 2L(E'), (5.21) 
II n < 2C(?7i,r/2). (5.22) 

We will show C Oi, which will conclude the argument. 
Lemma 5.1 Let T E il2- Then, the following properties holds: 

(5.23) 
(5.24) 
(5.25) 
(5.26) 
(5.27) 
(5.28) 
(5.29) 
(5.30) 

where / E 1 < / < j} U {[tj,T]}. 





Ulo \\u{i) 


< 






\\sO{[to,T]xM.") 


< 


C(M), 




Ulo \\w{[tj,T]) 


< 


V2, 




Ulo 5i(7xIR") 


< 




Ulo 


5i([to,T]xR") 


< 


C{vi)E, 




Uhi \\sO{lxR") 


< 




Uhi 


50([to,T]xR") 


< 




Uhi 


5i([to,T]xR") 


< 


C{m)L{E), 
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Proof. Using (j5.12p . (j5.14p . (j5.20p . and Bernstein inequality, we have 

\\uio\\u(i) < W Ulo - V \\u(^i) + W V \\u(^j)< 7]^2''^^^ + m ^ m, 

II lls'0([to,T]xR") - II '^lo - V lls'0([io,T]xR") + II ^ HsoCIto.T] xR")^ ^2 "^^ + C{M) < C{M), 
II '"■hi \\sO{IxR") ~ "^2 II Uhi |l5i(/xM'i)~ 'n2L{E). 

Therefore, dOD and hold. In view of J = 0{r]^'^), we get 



II ""-hi ll5i([t(),T]xR") ^ II ""'^i lls'i(/iXR") + II '"■hi llsi([t„T]xR")^ C{r]i)L{E) + r]2L{E) < C{r]i)L{E), 

1=1 

II ""hi ll50{[to,T]xR") ^ ^2 || ^/li ll5i([to,T] xR") 

Hence, ()5.29p and (j5.30p hold. On the slab / x M", uio satisfies the equation 

uioit) = e'^'-^'^'^uUti) - i f e^(*-^)^P/o (inj^n + * \u\'')u\ [s) ds, 

Jti 

where < / < j. Then by Strichartz estimate 

II ""-lo lls'i(/xR")^ll 

By using Bernstein inequality, Lemma \27l[ (jS.lip and (j5.22p . we have 

4 4 "+2 p 

II Piodnl — U) IUi(7xM")^ V2^ II |w|~^^ ll7V0(/xR")^ II « llz(/)ll ^ 1 1 5i~{/ x *R" ) ^ ^2^V3C{m,V2) < V2- 



Chosen 773 is sufficiently small depending on r]i and r/2. By using Holder, Hardy-Littlewood-Sobolev 
inequality, ([OT]) . ([OH]) and ([ST^H]) . we have 

II Ploii\x\'^ * \u\'^)u) |lAri(7xR") ~ II ^ lll/{/)ll \\u{I) 

^ II ||^(/)|| Vu/o 11(7(7) + II 11^(^)11 Vuhi \\u{I) 

+ II Ulo \\u(I)\\ ^Uhi 11(7(7) + II Uhi \\u{I)\\ ^Uio \\u{I) 
^ II ""/o ll5i(7xR") 

+rilL{E) + {r}2L{E)f \\ uio |l5i(7xRn) • 

Then, II Ulo \\si^j^^r.)< E + T]2 + imLiE)fLiE) + r]fL{E) + {r]l + i7]2L{E)f) \\ uio |l5i(7xR")- 
Taking rji and 772 sufficiently small depending on E, we can get 



Ulo llsi(7xR") 



< E. 



Then, (|5.26p holds. Of course, (|5.27p can be obtained by (|5.26p . since J = C(??i). 
At last, we show ()5.25p is true. We write uio = Pktj^uio + E'r]2<-<r]'^'"io- 
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In dimension n > 5, by interpolation, Sobolev embedding, Bernstein inequality, ()5.1ip and 
(j5.26p . we have 



|1-C 
I 2n 



1 ^^7:^ ( [i, ,T] X ) L? ( [t,. ,T] X R" ) 

^ II |V|"+^^'^2<.<.^-i^^/o llz{[t„T])ll ^lo \\si([t^^T]xR") 
3 

>. ^2 II \\z([tj,T]) ^ 



< V2, 

where c = (^^y^^ja) • 

In dimension n = 4, by using interpolation, Sobolev embedding, Bernstein inequality, the 
conservation of energy and ()5.1ip , we get 

5 1 



5 



^ ll|V|'^r,2<.<r,-^'olll(fe,T])^' 
5 1 

< m- 



In dimension n = 3, by using interpolation, Sobolev embedding, Bernstein inequality, the 
conservation of energy and (jS.lip . we get 



^m<-<ri2^'^^° ll^d^J'"^]) ~ II ^V2<-<V2^^^° llLfLS°([ij,T]xR")ll ^m<-<^2^^'-° llLt°°Lg([ij,T] xR") 

2 

'^m<-<V2^^^° ll^(fe,T]) 



< ll(i + |v|)t+^p„,^.,„^-i^,„||L,,^.ii;t 



< (r?2^ry3)fEi 

< m- 

Hence, in all dimension n > 3, we all have 

By Sobolev embedding, Bernstein inequality and ()5.24p . we have 

II P<r,2'Ulo ||vi^([tj,T])^ll '^P<ri2Ulo \\ 2(n+2) 2"("+2) ^ V2 II II 2(n+2) 2n(n+2) 

"-^ { [tj ,T] X R") Lj "-^ L:^"^+'' ( [i J ,T] X R" ) 

In dimension n = 3, by interpolation, (j5.24p and the conservation of mass, we get 

3 2 3 2 

II P<m'^lo \\w{[t„T])< m II Uio ll^([t^,T])ll '^lo ll!-L|([t,,T]xR")< ^2^?^ Ms < 7^2 



36 



provided rji is chosen sufficiently small depending on M. 

2(ti+2) 2Ti(n+2) 



In dimension n = 4, because of L. " ^ " """^ = U, then 



II P<v2Uio \\w{[t,,T])< mm < m 

In dimension n > 5, by interpolation, (j5.23p and (j5.24p 



n — 4 

II P<V2Ulo \\w{[tj,T]) ^ m II Ulo \\^'tu. ^vAl Ulo II "^^ 2n^ 

LtL^^ {[*,■, T]xR") 
6 n-4 6 

< ^2^r II -^o II ■:;;,^,^],^„)< mm^^'ciM) < rj,. 

Hence, in all dimension n > 3, we get 

II P<v2'^io \\w{[tj,T])< m- 

Therefore, by the triangle inequality, (j5.25p is true. □ 

Now, we are ready to show C Oi. We will first show (jS.lSp . The method is to compare uio 
to V via the perturbation result of Lemma 13.31 uio satisfies the following initial value problem on 
the slab [to,T] x 

{idt + A)uio = i\x\-'^ * \uio\'^)uio + Pioi\u\'^u) 

+Plo[{\x\-^ * |n|2)n - (|x|-2 * \uio\^)uio] - Phi{{\x\-^ * |u/oP)u/o) 

uio{to) = uio{a). 

Since (I5.24p and t'(to) = uio{to), in order to use Lemma [331 we only need to show the error term 

e = Pio{\u\^u) + P/oKkl"^ * |n|2)u - {\x\-^ * \uio\'^)uio] - Phii{\x\-^ * \uio\'^)uio) 

is small in N°{[to,T] x M"). 

By using Lemma 12.71 (jS.lip and (j5.22p . we have 

4 „ n±l—0 „ n + 2 Q -,_c 

II PUH'^-^u) IUo([j„,r]xR-)^ll ^ \\zi[to,T])\\ U \\smto,T]xR^)^ % (^(^1 ' ^2)) < % 

provided r/3 is chosen sufficiently small depending on 7]i and r/2. By using Bernstein inequality, 
Holder inequality. Hardy- littlewood-Sobolev inequality, (j5.24p and (j5.27p . we have 

II Phi{{\x\ ^ * \uio\'^)uio) llivO([tp_7^]xR") ^ ^2 || ^ Phi{{\x\ ^ * |'UioP)^«o II ArO([f(, ^2"] xR") 

< % II Ulo \\u{[to,T])\\ ^'^lo \\u{[to,T]) 



^ '?2 II ^t«o ll|o([jg^r]xKn)ll ^'^lo ll5i([to,T]xR") 

< r?2C(M)C(r/i)^ 
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provided r/2 is sufficiently small depending on E,M and rji. From Holder inequality, Hardy- 
littlewood-Sobolev inequality, ()5.24p and (j5.29p . one can get 

il Plo[i\x\~'^ * \u\'^)u - (l^r^ * \uio\'^)uio] \\NO(^[to,T]xK") 
< II (jx| ^ * |^iZoP)^i/ii |lArO([tQ^7-]xRn) 

-2 



< 



< 
< 



Therefore, 



+ II (1^1 * \'^hi\ )uhi llArO([fQ^T]xIR") + II (1^1 * \'^hi\ )uio lliVO{[to,T] xR") 
II ""'o ll|o([to,T]xR")ll ll50([to,T]xR") 

+ II Uhi ll|o([tQ_r]xRn)ll '^lo ll50{[to,T]xR") + II "^hi ll|o([to^T]xIR") 

C{M)mC{m)L{E) + {r^2C{m)L{E)fC{M) + {rj2C{m)L{E)f 



\NO{[to,T]xR")- "^'12 

and hence, taking r]2 sufficiently small depending on M, we can apply Lemma [33] to get 



II - V |l50([t„,T]xR-)^ C{M)r,^ < r?2 

Thus (jS.lSp is true. Now we turn to prove (j5.18p is true. The idea is to compare u^i to the 
energy-critical NLS 



4 

iwt + Aw = Iwl^-'^w 



(5.31) 



[ Witj) = Uhiitj) 

Then, citing the result in [23l[3l[26], we know (|5.3ip is globally wellposed and 

II ^ llsHKxM")^ '^(^) (5-32) 
Using Lemma 13.61 and (I5.28P , we also get 

II ^ ll50(RxR")^ II '^htitj) WlI^ r]2C{E)L{E). 

Uhi satisfies the following initial value problem on the slab [tj , T] x M"' 

4 

{idt + A)uhi = \uhi\'^Uhi + Phi((|x|-2 * |n|2)n) 

4 4 4 

+ Phi{\u\"-'^U- \Uhi\^^~^Uhi) - Plo{\UhM-^Uhi), 

, Uhi{tj) = Uhi{tj). 

In order to use Lemma l3.4^ we only need to show the error term 

—9 9 4 4 4 

e = Phi{{\x\ *\u\ )u) + Phi{\u\"-2u - \uhi\"-'2uhi) - Pio{\uhi\"^^Uh'i) 
is smah in N^{[tj,T] x M"). 
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From Holder, Hardy-Littlewood-Sobolev inequality, (lOB . (lOSl) . (fOBI) . dOOll and (fO0|) . we 
have 

II -f\i((kl ^ * llAri([tj,T]xR") ~ II ^ llc^([ij,r])ll II(7([to,T]) 

~ II '^hi ll|o([t^.^T]xR")ll ^/^^ ll5i{[tj,T]xR") 
|2 



+ II ll50([t^.^T]xR")ll ""'o llsidtj.TlxR") 
+ II ll|o([t^.^T]xR")ll llsHfe.T-lxIR") 
+ II Uhi ll|o([t^.^2^]xRn)ll ^io llsi(fe,T]xR") 

< m 



if r]2 is sufficiently small depending on E and r/i. 

By using Bernstein inequality. Lemma 12.71 (|5-lip and ()5.22p . one has 



Ploi\Uhi\"-^Uhi) ll7Vl([t^.,T]xR") ^ ^2 II \Uhi\"-'^Uhi llArO([4^.,T] xR") 

1 9 "+2 g 



if ?73 is sufficiently small depending on r]i and 7/2- 

4 4 

Now, we'll estimate the last term |[ Phi{\u\"-^u — \uhi\"-^Uhi) ||^i(-[j, tjxR")- Since the function 

4 2 

z — > |z|"-2 is Holder continuous of order — then 



4 



II Phi(|u|"-2n- |n/ii|"-2u/,j) ||jvi([4^^,r]xR") ~ II \u\"-''u - khih-^n/^i ||;vi([tj,T]xR") 

4 4 

< II |m|"-2Vu- |n;,,i"-2Vn/,, IUo{[t,,T]xR") 

4 

+ II |u|"-2V'Uio |lArO([t^.^7^]x]Rn) 
9 2 

II I 1-^ ^ I 1-^ ^bi II 

+ II 1^1"-'^- l^'^^ I"-' ll7V0([t,,T]xR") 

< II lul^^^V-u/o IUo{[t,,T]xR") (5-33) 

4 4 

+ II - |^i/i*h-2)Vn?,i ||xfO([i^.^T]xiRn) (5.34) 

4 

+ II kioh-^V'U/.i lljvo([t,,T]xR") • (5-35) 
For (j5.33p , from Remark 12.11 Bernstein inequality, (jS.lip , (j5.19p and ()5.26p , we have 

II |-u| "-2 Vn;o llArO([tj,T]xR") ~ II ^ llz{[tj,T]) II ^ llsHfe,^] xM") H ^""'o ll5i([tj,T] xR") 

^ V3C{Vl,V2)V2^ II ^i«o llsi(fe,T]xR") 
< ??2 
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if ?73 is chosen sufficiently small depending on rji and r]2- 

For (j5.34p . when the dimension 3 < n < 6, by using Holder inequality, (j5.2ip . ()5.24p and (|5.26|) . we 
can get 



- \uhi\"-^)Vuhi IUo([t,,T]xR") 

6 — n 

{\u\"-^UioVUhi |l7VO([t,,T]xR") 

6—n 6—n \ 

II l'lHfe,T]xR") + II K^{[t,,T]xR") J II llsO{[t„T]xR")ll WwHt^T]) 

6 — n 

< {L(E) + E)—^r]2L{E) 

< r/l 

provided r/2 is chosen sufficiently small depending on E. 

When the dimension n > 6, notice the inequality (a + by < + tf as a,b > 0, p < 1, (|5.2ip and 
()5.25p . we have 

II {\u\^ - \uhi\^)VUhi \\NOi[t^,T]xR") 
4 

< II Wlol^-^'^Uhi ll7VO([t^.^T]xR") 

4 

^ II '"■hi lls'i([tj,T]xK")ll ^'o lliV([tj,T]) 

< LiE)r^f 



4 



3 



Then (j5.35p has been estimated from the above by ^ ■ 
Therefore 



1 _3_ 

i([tj,T]xM")-'' 

and hence, taking 772 sufficiently small depending on ii^, we can apply Lemma 13.41 to get 



^ lliVi([t^,TlxM")- ^2 + + 27?2" ^ < 



II II <^ ^ 

II '^/li - lls'i(fe,r]xR")-^ ^1 
for a small constant c > depending only on the dimension n. So we can obtain 

II '^hi |l5i([i^,^T.]xMn)<ll '^hi - W |l5i([t^_T]xR") + II ll5i([ij,T]xR")~ "^1 + '^i^) ^ ^i^) 

Choosing L[E) is sufficiently large. 
Finally, (|5.19p follows from 

II llsi([to,T]xR") < II Uhi ll5i{[to,T]xR") + II ""Zo ll5i{[to,T] xR") 

< C{M) + C{iii)E + r]2C{m)L{E) + C{m)L{E) 
This proves that 0,2 ^i- Hence, by induction 
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As Jfcg is arbitrary and the total number of intervals Jk is K = K{E,M,rj3), put these bounds 
together we obtain 

II u ||5i(MxR")< C{rii,ri2,m) = C{E,M). 

5.6 Global bounds in the case: p = 2 < 7 < 4 with 7 < n and Ai ■ A2 < or 

^ < P < 7 = 4 with 7 < n and Ai ■ A2 < 

The approaches for both cases are the same, so we only prove the first case here. Without loss 
of generality, let |Ai| = IA2I = 1- 

In this case, we'll view u the perturbation to the energy-critical problem 

{iwt + Aw; = \w\"^w 

which is globally well-posedness by [23l [3l [26] and 

\\w\\s.^^^^„)<C{E,M). (5.36) 

By Lemma [3^ (|5.36p implies 

II w ||so(MxRn)< C{E,M) II uo \\li< C{E,M)m'2. (5.37) 



2(n + 2) 2{n + 2) 

Definition 5.1 D^{I) := V{I) n U{I) n L^""" . 
It is easy to know that 

II (|x| ^ * \u\^)u |l7vfe(/xR") ~ II llDfe(/)ll ^ ll^o|/)ll 11^1(7) (5.38) 

II 1^1"-'^ IItv^/xR") ^ II ^ 11^1(7) II " llDfe(/)' (5-39) 

where A; = 0, 1. 

Split M into J = J{E,M,rj) subintervals Ij = \tj,tj+i\ such that 

II ^ IIdm/,)-^' 

where > be a small constant to be chosen later. 

Moreover, choosing M sufficiently small depending on E and r/, in view of ()5.37p . we may 
assume 

II ll5"(RxIR")- 

Then, we get 

II u ||di(/,)~ (5-40) 

In fact, on each slab Ij x R", we have 

n+2 n+2 

II e^(*-*^)^w;(t,-) bi(,^,)<|| w +C II w ||^-J^^^< + Cr?^ < 2r? (5.41) 



41 



if rj is sufficiently small. 

Let /q = [to)*i]- Since w{tQ) = u(to) = uq, by using Strichartz estimates, ()5.38|) . (j5.c{9p and 
()5.4ip . we have 

n+2 

II u 1|di(/o)< 2r] + C\\w +C It w . 

By a standard continuity argument, this yields 



u 



Idi(/o)<4^ (5-42) 



if r] is chosen sufficiently small. 

On the other way, from Strichartz estimates, (j5.38p . (j5.39p and (j5.42p . we have 



lU, II . . II „ l|5-7 lU, 117-2 



II^IIdO(,„) < ^^+ll^llBi;/o)"^"^°(^o) + ll^lli^o;,„)IKll^i(,„) 
< M^+r?^ II ^ IIdo(/o) + II ^ l&ao) 
Therefore, choosing r] sufficiently small and 7 < 4, we get 



^ lll)0(/o)<^^^- 



In order to apply Lemma 13.41 we need to show the error (|a;| '''*|np)nis small on the norm 
N\lo X M"). In fact, by 

II i\xr * 1-1^)- IUn/oxM")^ll - WVij ^ Vno)^ r^^-^M^-i < M^o 

for a small constant 5o > 0. Then taking M sufficiently small depending on E and rj, by Lemma 
13.41 we get 

ll^-^ll5i(/oxR")<^''° 
for a small constant c > that depends only on the dimension n. Strichartz estimate implies 

II e*(*-*^)^(u(ti) - wih)) ||5i(,,,K„)< M^^o. (5.43) 

Now, we turn to the interval Ii = [ti,t2]- By using Strichartz estimate, ()5.38p . ()5.39p . (j5.4ip and 
(j5.43p . one can get 



n + 2 
I n-2 

^DT-{h) '^^ II |Id1(/i) "^"^ II " lll^H^i) 

n+2 
I n-2 

Idi(/i) ^ II " iii?M-fi) 



+ II e*(*-*^)^u;(ti) ||^i(,^) +C II u 11;;- +C7 || n ||?, 
< M5+M'='^«+r?+||^/||ff.. + ||n 



Choosing rj, M sufficiently small, by a standard continuity argument, we obtain 

II U ||di(/i)< 4?]. 

Moreover, arguing as above, we also get 

II^IIdo(/i)^^^- 
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For M sufficiently small, we can apply Lemma 13.41 to obtain 

for a small constant < (5i < Sq. 

By using the induction argument, choosing M smaller at every step, we obtain 

II IIdi(/,)< 4r/. 

Summing these estimates over all intervals Ij and for the total number of these intervals is J = 
J{E,M,r]), we get 

\\u\\Di(^^)<j7^<CiE,M). 

By using Strichartz estimate, (j5.38p and (j5.39p . we get 

II u ||si(MxM")<ll uo Iki + II u ||;^T(R) + II u f^^^^^<M + E + C{E) < C{E,M). 

5.7 Global bounds in the case: ^ < p < 2 < 7 < 4 with 7 < n and Ai ■ A2 < 

or p= ^, 7 = 2 and Ai, A2 > 

The approaches for both cases are similar with the subsections. 6, the only differentia is to 
compare u to the free Schrodinger equation 

iut + An = 0, n(0) = uq. 

By Strichartz estimate, the global solution u obeys the spacetime estimates 

II 2 ||si(RxR") ^ II ^io Ili/i< C'(£;,M), 

II S llsO(RxRn) < Wuohl^M^. 

At this time, we define 

2(n + 2) 2(n+2) 

Definition 5.2 D^{I) := V{I) n U{I) n L/^. 

By the similar method of subsection5.6, it is not difficult to know that 

II ll5i{KxR")< C{E,M). 

5.8 Finite global Strichartz norms imply scattering 

At last, we'll show that finite global Strichartz norms imply scattering. For simplicity, we only 
construct the scattering state in the positive time direction. Similar arguments can be used to 
construct the scattering state in the negative time direction. 

For < t < 00, define 

u+{t) =UQ-i [ e-''^ {Xilufu + Aadxr^ * \u\'^)u) ds. 
Jo 
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Since u G 5^(M x M""), Strichartz estimates and Lemma 12.81 show that u^{t) E H]^ for all t G 
and for < r < t, we have 



t 

U+{t) -U+{t) \\hi < II y e'^^~'^^ {Xi\u\Pu + \2{\x\-'^ *\u\'^)u) ds \\Loc,Hl([r,t]xR") 

^ II ^ lly(M) II ^ ll^(M)ll (1 + 1^1)^ \\v{[r,t]) 

|4— 7 

lc/(M) 

and for e > 0, there exists > such that 



+ II ^ lli(M)ll ^ ll^/v^ II (1 + 1^1)^ llc^(M)' 



II u+{t) - n+(r) ||^i< e 
for any t,T > T^. Thus U-^-(t) converges to some function in as t ^ +oo. In fact 

/•oo 

u+:=uo-i / e"^"^ (Ai|n|Pu + Aadxr^ * \u\'^)u) ds. 
Jo 

At last, the scattering follows from 



oo 

-''^u{t) - u+ \\hi = II / e-''^ {Xi\u\Pu + X2{\x\-^ * |n|2)n) ds l^i 



oo 

gi(i-s)A (Ai[-u|Pn + Aad^r^ * |np)n) ||j:^i 

2 iri-2)p np 2 



^ lly([t,o^)) II ^ llil-c^oo^ll (1 + 1^1)^ llv([t,oo)) 

4—7 I 
U{[t,oo))\ 



+ II ^ lli(floo))ll ^ 11^/^ II (1 + 1^1)^ llc/([t,oo)), 



because the right term obviously tends to as t ^ +oo. The other properties follow from conser- 
vation of mass and energy. 



6 Blowup results 

From the Theorem 11.11 we can find that there are still many regions where the global well- 
posedness holds need a few additional conditions, for example small energy and small mass. In this 
section, we'll show that on these regions, under suitable assumptions the solution of p.ip will blow 
up in finite time. We follow the method of Glassey [9j, which is essentially a convexity method. 
We consider the variance 

fit) = [ \x\'^\u{t,x)\'^dx. 



For strong if^— solution u to p.ip with initial datum uq € S, it is well known that / G T^jj^, Tniax) 

and we have(see, for example the Chapter 6 of [6]); 

Lemma 6.1 For all t £ (— ^^min' '^max), we have 

f'{t) = Aim j ux ■ Vudx 
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and 



f{t) = 16E + ll^^^Ai II u Ip^, +2A2(7 - 2) /" (|x|-^ * |n|2)|^.|2 dx. (6.1) 
p + 2 J 



If we can find, for all t G ("Tj^^jj^, Tniax) there exists a constant A such that: f"{t) < A, then 
we have 

\\xu\\l2<9{t) (6.2) 

where 



e{t) =11 11^2 +4tJm J (px -Vipdx + ^t^A. 



If assume ^ is negative, observe that 6{t) is a second-degree polynomial, then 6{t) < for |t| large 
enough. Since || xu ||^2> 0, we deduce from (|6.ip that both Tj^^j^ and Tmax are finite. However, 
it is not a necessary and sufficient condition so that 9{t) takes negative values that A is negative. 
A necessary and sufficient condition so that 9{t) takes negative values is that 



8(/m J ipx ■ Vipdx)"^ > ^ II ^'^ IIl2 • 



But in many states, we can't get both Tj^^j^^ and Tmax are finite. People who are interested in it 
can see the Chapter 6 of [6]. 

In the following, we'll find the negative constant A such that f"{t) < A: 
case (1): Ai < 0, A2 > 0, ^<p< < 7 < ^ and < 0. 

By using (j6.ip . the conservation of energy and our assumption, we get 

fit) = 16E + (4np - 16){E - ^ || Vu J {\x\-'^ * \u\'^)\u\'^ dx} 

+2A2(7-2) j {\x\-'^ * \u\'^)\u\'^ dx 

= inpE - {2np - 8) || Vu ||^2 -{np - 2j)X2 j {\x\-"' * \u\^)\u\^ dx (6.3) 
< AnpE. 

Let A := 4npE < 0, then we find the negative constant A. 
case (2): Ai > 0, A2 < 0, ^ <p< 2 < 7 < 4 and < 0. 
From (j6.ip , the conservation of energy and our assumption, we get 

/ (t) = 16^ + -T^Ai II u |rp+2 

p -\- Z 

+8h-2){E-i|iv.|ii.-A_||„ir«,} 

= SyE - 4(7 - 2) || V,, \\h t^i^A, || ,, f +i (6.4) 

P -\- Z ^x 

< 8-fE. 

Let A := 8'yE < 0, then we find the negative constant A. 
case (3): Ai < 0, A2 < 0, ^<p< 2 < 7 < 4 and £" < 0. 
When 7 > using (|6.3p and our assumption, we have 

f"{t) < AnpE. 
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When 7 < from (j6.4p and our assumption, we have 

f"{t) < 8-fE. 

So we also find the negative constant A. 

case (4) Ai < 0, A2 < 0, < 7 < 2, ^ < p < and 4npE + C{M) < 
By using (|4.2p and Young's inequality, we have, when 7 < 2, 

II Vn \\l2< 6 II Vu Wli +C{6). 

From (j6.3p and our assumption, we have 

f"{t) < AnpE + [C{np - 2j)\X2\6 - {2np - 8)] || Vn Wl^ +C{np - 27)|A2|C(5) |i u H^^^ 

Choosing 5 sufficiently small, then 

f"{t) < 4npE + C{M). 

Let A := 4npE + C(M) < 0, then we find the negative constant A. 
case (5) Ai < 0, A2 < 0, 2 < 7 < 4, < p < ^ and 87^ + C(M) < 0. 
From (j4.ip and Young's inequality, we have, when p < ^, 

np 

II Vn \\J2< 6 II Vn l^a +C{5). 
From ()6.4p and our assumption, we have 



< 87i^ - 4(7 - 2) II Vn ||i. + ( '-^X,C6 || Vn ||i. +'-^XMS) 

Vp + 2 P + 2 

Choosing 5 sufficiently small, then 

f"{t) < 8jE + C{M). 
Let A := 8^E + C(M) < 0, then we find the negative constant A. 



4~(n-2)p 
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